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LOCAL-GLOBAL PRINCIPLE FOR 0-CYCLES ON FIBRATIONS
OVER RATIONALLY CONNECTED BASES
YONGQI LIANG
Abstract. We study the Brauer–Manin obstruction to the Hasse principle
and to weak approximation for 0-cycles on algebraic varieties that possess
a fibration structure. The exactness of the local-to-global sequence (E) of
Chow groups of 0-cycles was known only for a fibration whose base is either
a curve or the projective space. In the present paper, we prove the exactness
of (E) for fibrations whose bases are Chaˆtelet surfaces or projective models
of homogeneous spaces of connected linear algebraic groups with connected
stabilizers. We require that either all fibres are split and most fibres satisfy
weak approximation for 0-cycles, or the generic fibre has a 0-cycle of degree 1
and (E) is exact for most fibres.
Contents
1. Introduction 1
2. Main results and applications 3
3. Proofs of the theorems 9
References 18
1. Introduction
1.1. Background. Let k be a number field. In this paper, we consider alge-
braic varieties X defined over k. It is conjectured by Colliot-The´le`ne–Sansuc and
Kato–Saito that the Hasse principle and weak approximation for 0-cycles on proper
smooth varieties can be controlled by their Brauer groups. To be precise, we are
interested in the exactness of the following complex which will be explained with
more details in §2.1
(E) lim
←−
n
CH0(X)/n→
∏
v∈Ωk
lim
←−
n
CH′0(Xkv )/n→ Hom(BrX,Q/Z).
The exactness of (E) for X = Spec(k) (or X = Pm) is ensured by global class
field theory. The exactness of (E) for smooth projective curves was proved by
Saito [Sai89] and [CT99] under the assumption of the finiteness of Tate–Shafarevich
groups of their Jacobians. Concerning higher dimensional varieties, known results
are only available for several homogeneous spaces of linear algebraic groups and
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varieties possessing a fibration structure. Here we consider only fibrations X → B.
Existing results have dealt with fibrations whose base B is
- either a curve C (with finiteness of X(JacC,k) assumed),
- or the projective space Pm by induction reducing to m = 1.
See the very recent paper of Harpaz and Wittenberg [HW] for a summary.
Concerning analogous questions for rational points, the fibration method allows
one to deal with other bases besides curves and projective spaces, for example
[Har94, Thm. 4.3.1] and [Har07, Thm. 3]. However, the arguments cannot be
extended directly to 0-cycles. The main difficulty was that on the base B we did
not know how to approximate topologically a family of effective local 0-cycles in
good position by a single global closed point even if B satisfies weak approxima-
tion for rational points (over any finite field extension). When B is P1, this is
trivial for rational points; and for 0-cycles this can be done by Salberger’s device
[Sal88]. More generally, if B is a smooth projective curve whose jacobian has finite
Tate–Shafarevich group, this can be treated by Colliot-The´le`ne’s argument for 0-
cycles, [CT00]. We are trying to overcome this difficulty at least for geometrically
rationally connected varieties.
1.2. Our results. In the author’s Ph.D. dissertation defence, Per Salberger asked
whether one can prove results for fibrations whose base is a Grassmannian. This
work is a first try to answer this question, actually we prove much more general
results which can certainly be applied when B is a Grassmannian. Our main results
are as follows, we refer to §2.1 for relevant terminology. We will give proofs in §3
of stronger and more detailed results — Theorems 2.4 and 2.5.
Theorem 1.1 (cf. Theorem 2.4). Let f : X → B be a dominant morphism between
proper smooth geometrically rationally connected varieties defined over a number
field k. Assume that its geometric generic fibre is integral.
Suppose that
1, the fibration f is split in codimension 1 (Definition 2.3);
2, for all finite extensions K of k, all smooth fibres of fK : XK → BK over
K-rational points of BK verify weak approximation for 0-cycles of degree
1;
3, for all finite extension K of k, the Brauer–Manin obstruction is the only
obstruction to weak approximation for K-rational points on BK .
Then the sequence (E) is exact for X.
Theorem 1.2 (cf. Theorem 2.5). Let f : X → B be a dominant morphism between
proper smooth geometrically rationally connected varieties defined over a number
field k. Assume that its geometric generic fibre is integral.
Suppose that
1, the generic fibre is geometrically rationally connected and possesses a 0-
cycle of degree 1;
2, for all finite extensions K of k, the sequence (E) is exact for all smooth
fibres of fK : XK → BK over K-rational points of BK ;
3, for all finite extension K of k, the Brauer–Manin obstruction is the only
obstruction to weak approximation for K-rational points on BK .
Then the sequence (E) is exact for X.
3By considering the usual external product of cycles, it is clear that the Brauer–Manin
obstruction is the only obstruction to the Hasse principle for 0-cycles of degree 1 on
X×Y if it is the case for both X and Y . Surprisingly, for weak approximation prop-
erties, the following immediate consequence of the theorems was not known. Even
in this most trivial case, arguments for the analogue on rational points do not ex-
tend directly to 0-cycles and in our proof we need to impose rational connectedness
on the varieties.
Corollary 1.3. Let X,Y be geometrically rationally connected varieties defined
over a number field k.
Consider the following conditions for all finite extension K of k
1, the Brauer–Manin obstruction is the only obstruction to weak approxima-
tion for K-rational points on XK ;
2, YK verifies weak approximation for 0-cycles of degree 1;
2’, the sequence (E) is exact for YK .
If conditions 1 and 2 are satisfied, then the sequence (E) is exact for X × Y .
If conditions 1 and 2’ are satisfied, and assume furthermore that Y possesses a
0-cycle of degree 1, then the sequence (E) is exact for X × Y .
Besides trivial fibrations, we have several applications of the detailed Theorems
2.4, 2.5, we mention the following one which follows directly from Theorem 1.2. We
refer to §2.4 for more details and comments.
Corollary 1.4. Let B be a smooth compactification of a homogeneous space of a
connected linear algebraic group with connected stabilizer defined over a number field
k. Let X → B be a proper dominant morphism whose generic fibre is birationally
defined by the polynomial
NL|k(B)(x) = P (t),
where P (t) ∈ k(B)[t] is a separable polynomial of degree prime to the degree of the
finite extension L of k(B).
Then (E) is exact for X.
2. Main results and applications
2.1. Notation and terminology. We begin with fixing the notation. The base
field k will be a number field unless otherwise stated. The set of its places is denoted
by Ωk and S denotes always a finite subset of Ωk. Let k
′ be a finite extension of
k, the set of places of k′ lying above places in S will be denoted by S ⊗k k′. We
will consider algebraic varieties (separated schemes of finite type) X defined over
k. Its cohomological Brauer group is BrX = H2e´t(X,Gm), and its Chow group of
0-cycles is denoted by CH0(X). The base change X ×Spec(k) Spec(K) is written
simply XK for any extension K of k. The modified local Chow group CH
′
0(Xkv )
is defined to be the usual Chow group CH0(Xkv ) if v is a non-archimedean place,
and otherwise Coker
[
Nk¯v |kv : CH0(Xk¯v )→ CH0(Xkv )
]
, in particular it is 0 if v is
a complex place.
Let A be an abelian group, for non-zero integer n we denote by A/n the cokernel
Coker [n : A→ A] of the multiplication by n. Let L/K be a Galois extension of
Galois group GalL|K and M be a continuous GalL|K-module, we denote its Galois
cohomology groups by Hi(L|K,M). If L = K¯ is a separable closure of K we will
write Hi(K,M) for short.
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Before the statement of the main results, we recall some terminology.
Let X be a proper smooth geometrically integral variety defined over k. By
extending Manin’s well-known pairing [Man71]
∏
v∈Ωk
X(kv)× BrX → Q/Z
one can define a natural pairing by evaluating cohomology classes at closed points
of Xkv ∏
v∈Ωk
CH0(Xkv )× BrX → Q/Z,
which factorizes through
∏
v∈Ωk
CH′0(Xkv )× BrX → Q/Z,
see for example [CT95, page 53] or [Wit12, §1.1] for a detailed definition. This
induces a local-to-global complex
CH0(X)→
∏
v∈Ωk
CH′0(Xkv )→ Hom(BrX,Q/Z).
Since X is regular, its Brauer group is torsion, one deduces the complex mentioned
in the introduction
(E). lim
←−
n
CH0(X)/n→
∏
v∈Ωk
lim
←−
n
CH′0(Xkv )/n→ Hom(BrX,Q/Z),
Its exactness means roughly that the obstruction to the local-global principle is
controlled by the Brauer group.
Terminology. Let δ ∈ Z be an integer. LetX be a smooth projective geometrically
integral variety defined over a number field k.
For a family of algebraic varieties, the Hasse principle for 0-cycles of degree δ
says that the existence of a family of local 0-cycles of degree δ implies the existence
of a global 0-cycle of degree δ. We say that the Brauer–Manin obstruction is the
only obstruction to the Hasse principle for 0-cycles of degree δ on X , if the existence
of local families of 0-cycles of degree δ orthogonal to BrX implies the existence of
a global 0-cycle of degree δ.
We say thatX verifies weak approximation for 0-cycles of degree δ if the following
statement is satisfied.
Given a family of local 0-cycles {zv}v∈Ωk of degree δ, for any positive integer
n and for any finite subset S of Ωk, there exists a global 0-cycle z = zn,S
of degree δ such that z and zv have the same image in CH0(Xkv )/n for all
v ∈ S.
We say that the Brauer–Manin obstruction is the only obstruction to weak approx-
imation for 0-cycles of degree δ on X , if the following statement is satisfied.
Given a family of local 0-cycles {zv}v∈Ωk of degree δ orthogonal to BrX,
for any positive integer n and for any finite subset S of Ωk, there exists a
global 0-cycle z = zn,S of degree δ such that z and zv have the same image
in CH0(Xkv )/n for all v ∈ S.
5We say that X verifies weak approximation for rational points if the diagonal
image of X(k) in
∏
v∈Ωk
X(kv) is dense. We say that the Brauer–Manin obstruction
is the only obstruction to weak approximation for rational points if the closure of
the diagonal image of X(k) in
∏
v∈Ωk
X(kv) equals to the subset consisting of local
points that are orthogonal to BrX . See [Sko01, §5] or the survey [Pey, 2.10] for
more details.
Remark 2.1.
(1) The exactness of (E) implies that the Brauer–Manin obstruction is the only
obstruction to the Hasse principle for 0-cycles of degree 1, [Wit12, Rem.
1.1(iii)].
(2) The exactness of (E) implies that Brauer–Manin obstruction is the only
obstruction to weak approximation for 0-cycles of degree δ if X possesses a
global 0-cycle of degree 1, [Lia13, Prop. 2.2.1].
(3) The exactness of (E) implies that Brauer–Manin obstruction is the only
obstruction to weak approximation for 0-cycles of degree 1, this follows
from the previous two.
Definition 2.2. Let B be a geometrically integral k-variety. A subset Hil of closed
points of B is called a generalized Hilbertian subset if there exists a finite e´tale
morphism Z
ρ
→ U ⊂ B where Z is an integral k-variety and U is a nonempty open
subvariety of B such that
Hil = {θ ∈ U |θ is a closed point of B such that the fibre ρ−1(θ) is connected}.
Definition 2.3. Consider a dominant morphism f : X → B between proper
smooth geometrically integral k-varieties, whose generic fibre Xη is geometrically
integral. We say that the fibration f is split in codimension 1 if the following
condition is satisfied.
- For any discrete valuation ring R containing k and whose fraction field
equals to the function field k(B), there exists an integral regular R-model
X flat and proper over R whose generic fibre is k(B)-isomorphic to Xη,
such that its special fibre has an irreducible component of multiplicity 1
which is geometrically integral.
By [Sko96, Cor. 1.2], this property does not depend on the choice of a particular
integral regular model, this is a property of the generic fibre.
2.2. Statements of the main results. The main results of this paper concern
the exactness of (E) for fibrations over a base of dimension m > 1 which is not
required to be birational to Pm over k.
For a fixed finite extension L of k, we denote by KL the set of finite extensions
K of k that are linearly disjoint from L, i.e. L⊗k K is a field.
Theorem 2.4. Let f : X → B be a dominant morphism between proper smooth
geometrically integral varieties defined over a number field k. Assume that its geo-
metric generic fibre is integral.
Suppose that
1, the fibration f is split in codimension 1;
2, for each K ∈ KL, there exists a generalized Hilbertian subset HilK of BK
such that for all K-rational points θ contained in HilK the fibre XKθ =
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f−1K (θ) verifies weak approximation (resp. the Hasse principle) for 0-cycles
of degree 1;
3.1, H1(Bk¯,OBk¯) = 0, H
2(Bk¯,OBk¯) = 0, and the Ne´ron–Severi group NSBk¯ is
torsion-free;
3.2, for all K ∈ KL, the Brauer–Manin obstruction is the only obstruction to
weak approximation for K-rational points on BK .
Then the Brauer–Manin obstruction is the only obstruction to weak approximation
(resp. to the Hasse principle) for 0-cycles of degree δ on X.
Moreover if
4, PicXk¯ is torsion-free, and deg : CH0(X ⊗ k(X))→ Z is injective,
then the sequence (E) is exact for X.
Theorem 2.5. Let f : X → B be a dominant morphism between proper smooth
geometrically integral varieties defined over a number field k. Assume that its geo-
metric generic fibre is integral.
Suppose that
1.1, for the geometric generic fibre Xη¯ = Xη ⊗ k(B), the Ne´ron–Severi group
NSXη¯ is torsion-free, and H
1(Xη¯,OXη¯ ) = 0, H
2(Xη¯,OXη¯ ) = 0.
1.2, the generic fibre Xη viewed as a k(B)-variety possesses a 0-cycle of degree
1;
2, for each K ∈ KL, there exists a generalized Hilbertian subset HilK of BK
such that for all K-rational points θ contained in HilK the Brauer–Manin
obstruction is the only obstruction to weak approximation (resp. to the
Hasse principle) for 0-cycles of degree 1 on the fibre XKθ = f
−1
K (θ);
3.1, H1(Bk¯,OBk¯) = 0, H
2(Bk¯,OBk¯) = 0, and the Ne´ron–Severi group NSBk¯ is
torsion-free;
3.2, for all K ∈ KL, the Brauer–Manin obstruction is the only obstruction to
weak approximation for K-rational points on BK .
Then the Brauer–Manin obstruction is the only obstruction to weak approximation
(resp. to the Hasse principle) for 0-cycles of degree δ on X.
Moreover if
4, PicXk¯ is torsion-free, and deg : CH0(X ⊗ k(X))→ Z is injective,
then the sequence (E) is exact for X.
2.3. Several remarks on the theorems.
Remark 2.6. The analogue, in the context of rational points, of Theorem 2.4 is
just the basic idea of the fibration method. Theorem 2.5 is an analogue of the
theorem for rational points [Har07, Thm. 3]. If furthermore the base B is supposed
to satisfy weak approximation, we also refer to [Har94, Thm. 4.3.1] which is the
relatively easy case in the paper [Har94]. Similar to the hypothesis 1.2, there the
generic fibre Xη is supposed to possess a k(B)-rational point. But one does not
need the hypothesis 3.1, neither the finiteness of BrB/Brk.
Remark 2.7. In the particular case where X = B and f : B → B is the identity
morphism, both theorems reduce to [Lia, Thm. 2.1] — a stronger version of the
main result of [Lia13].
Remark 2.8. Let V be a variety defined over algebraically closed field of character-
istic 0. If H1(V,OV ) = 0, H
2(V,OV ) = 0 and if the Ne´ron-Severi group NS(V ) is
7torsion-free, then PicV is torsion-free and BrV is finite, in particular it is the case
if V is a rationally connected variety. Moreover if the base B and the generic fibre
Xη are both geometrically rationally connected, then so is X according to [GHS03,
Cor. 1.3], hypotheses 1.1, 3.1, and 4, are automatically satisfied.
Remark 2.9. In both of the theorems, the arithmetic hypothesis concerning the
Brauer–Manin obstruction of the base B is a property of rational points, it is
not clear whether it may be replaced by the exactness of (E) for B (which is a
consequence of the property of rational points by [Lia, Thm. 2.1]). However, the
arithmetic hypothesis on fibres concerns the Hasse principle or weak approximation
for 0-cycles of degree 1, which may be valid even if the similar question for rational
points is still open (or solved conditionally).
Remark 2.10. In the theorems, we suppose that certain arithmetic properties are
satisfied for extensions K ∈ KL instead of for all finite extensions, this may be
useful in practice. As an example, we consider a proper smooth model B of the
affine variety defined by the equation
Nk′|k(x) = Q(t),
where Q(t) ∈ k[t] is a quadratic irreducible polynomial and k′ is a field extension of
k of degree 4 splitting Q(t). One may assume that k′ and k[t]/(Q(t)) are subfields
of a fixed algebraic closure of k. Let L be the composition of these two subfields.
According to [DSW, Th. 1], for any K ∈ KL the Brauer–Manin obstruction is the
only obstruction to weak approximation for rational points on BK .
Consider Chaˆtelet surfaces defined by x21 − ax
2
2 = P (t) with P (t) ∈ k[t] an
irreducible polynomial of degree 4, then the Brauer–Manin obstruction is the only
obstruction to weak approximation for 0-cycles of degree 1 by [Fro03, Thm. 0.4,
0.5], and its Brauer group is trivial modulo constant by [San82, Prop. 1]. This
property is preserved after a finite extension of k linearly disjoint from k[t]/(P (t)).
If fibres of a given fibration are such surfaces, then the hypothesis 2 of Theorem
2.4, with the restriction to linear disjointness or to Hilbertian subsets, is satisfied.
Similar restrictions of the hypothesis 2 of Theorem 2.5 may also be useful if fibres
of a fibration are varieties considered in [Wei, Cor. 3.3, Thm. 4.1].
Remark 2.11. Theorem 2.5 has a variant concerning the algebraic part of Brauer
groups:
- we can weaken the geometric hypothesis 1.1, suppose only that NSXη¯ is
torsion-free and H1(Xη¯,OXη¯ ) = 0 (equivalently PicXη¯ is torsion-free);
- we have to strengthen the arithmetic hypothesis 2, suppose that the al-
gebraic Brauer–Manin obstruction is the only obstruction for the fibre
XKθ = f
−1
K (θ) mentioned above;
then the conclusion stays the same. For the proof, we only need to replace the
forthcoming Lemma 3.10 by the comparison of the algebraic part of Brauer groups
which is even easier. The similar comment applies to the base B, or applies also to
both the fibres and the base simultaneously.
Remark 2.12. Theorem 2.4 remains valid if the geometric hypothesis 1 is replaced
by the following arithmetic hypothesis
1′, There exists a finite set S of places of k and a non-empty open set B0 of
B, such that for any closed point θ of B0 the fibre Xθ — a k(θ)-variety
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— possesses a local 0-cycle of degree 1 over k(θ)w for any place w of k(θ)
lying above a certain place v /∈ S.
It is clear that 1′ is automatically satisfied under one of the following conditions.
(1) The generic fibre Xη of f possesses a 0-cycle of degree 1.
(2) There exists a finite set S of places of k such that for every v /∈ S and for
every finite extension F of kv the mapping X(F )→ B(F ) is surjective.
In his paper [CT08], Colliot-The´le`ne conjectured that f : X(kv) → B(kv) is sur-
jective for almost all places v of k if the fibration f is split in codimension 1. The
special case where B is P1 is well-known, [Sko90, pp. 208-209] [Sko96, Lem. 2.3].
Denef gave two proofs of the conjecture for general case in his preprint [Den], one is
an algebraic geometric proof and the other uses mathematical logic. The main re-
sult of [Den] is stated for varieties over the field k = Q. As is remarked in the paper,
same proofs are valid for any number field k. In the geometric proof, a finite set S
of exceptional places is constructed from and depends only on the geometric data
(X,B, f) over k. The surjectivity of X(kv) → B(kv) for v /∈ S comes essentially
from the Lang–Weil estimate and Hensel’s lemma via a diophantine purity theorem
with sophisticated arguments. If one checks every step of the proof, with the same
finite set S, for v /∈ S his argument also proves the surjectivity of X(F )→ B(F ) for
any finite extension F of kv, i.e. the condition (2). Hence the arithmetic hypothesis
1′ is a consequence of the geometric hypothesis 1.
We will give a complete proof of Theorem 2.5 in §3. The proof of Theorem 2.4 is
easier and it shares a large part in common with the proof of Theorem 2.5, a sketch
(with hypothesis 1 replaced by hypothesis 1′ or (2) ) will be given after the proof
of Theorem 2.5.
2.4. Applications. In this section, we give several applications of Theorems 2.4
and 2.5. All varieties given here are geometrically rationally connected, the hy-
potheses 1.1, 3.1 and 4 are automatically satisfied after Remark 2.8.
In both theorems, the base B can be any smooth proper k-variety birationally
equivalent to one of the varieties in the following list.
(B1) Homogeneous spaces of connected linear algebraic groups with connected
stabilizers.
(B2) Homogeneous spaces of semi-simple simply connected algebraic groups with
abelian stabilizers.
- In these first two cases, the base satisfies the hypothesis 3.2 by the
work of Borovoi [Bor96].
(B3) Chaˆtelet surfaces.
- The base satisfies the hypothesis 3.2 by the work of Colliot-The´le`ne– San-
suc– Swinnerton-Dyer [CTSSD87, Thm. 8.11].
(B4) Smooth intersections of two quadrics in P
n
k(B)(n ≥ 5) containing a conic
defined over k(B).
- We refer to the work of Harari [Har94, Prop. 5.8], one may find other
examples in the same paper.
In Theorem 2.4, fibrations in the following list will satisfy the hypothesis 2. The
hypothesis 1 is not easy to check, nevertheless for trivial fibrations as in Corollary
1.3 it is automatically satisfied.
(F1) The fibration X → B is a Severi–Brauer scheme over B.
9- All fibres are geometrically integral. The hypothesis 2 is satisfied by
class field theory.
(F2) The generic fibre of the fibration X → B is a Chaˆtelet p-fold which has an
irreducible defining polynomial, with the hypothesis 1 assumed.
- The generic fibre is defined by the equation NL|k(B)(x) = P (t), where
L is a cyclic extension of k(B) of prime degree p and P (t) ∈ k(B)[t] is
an irreducible separable polynomial of degree 2p. For closed points θ
contained in a suitable generalized Hilbertian subset of B correspond-
ing to the finite extensions L and k(B)[t]/(P (t)) of k(B), the fibre Xθ
is a Chaˆtelet p-fold with irreducible defining polynomial. By [VAV12,
Thm. 3.2], the Brauer group BrXθ is trivial modulo constant. The
Brauer–Manin obstruction is the only obstruction to weak approxima-
tion for 0-cycles of degree 1 on Xθ, [CTSSD98, Thm. 4.1]. Hence the
hypothesis 2 is satisfied.
In Theorem 2.5, X → B can be a fibration whose generic fibre Xη is a k(B)-
variety birationally equivalent to one of the varieties in the following list.
(F3) Connected linear algebraic groups over k(B)
- The hypothesis 1.2 is automatically satisfied, and the hypothesis 2 is
ensured by the work of Sansuc [San81].
(F4) k(B)-varieties defined by the equation NL|k(B)(x) = P (t), where P (t) ∈
k(B)[t] is a separable polynomial and L is a finite cyclic extension of k(B)
of degree prime to deg(P (t)).
- The assumption on the degree implies that the hypothesis 1.2 is sat-
isfied. The hypothesis 2 is also satisfied by one of the main results in
[CTSSD98, Thm. 4.1].
(F5) k(B)-varieties defined by the equation NL|k(B)(x) = P (t1, . . . , tm), where
L is a finite extension of k(B) of prime degree p and P (t1, . . . , tm) ∈
k(B)[t1, . . . , tm] is a polynomial whose degree with respect to one of the
ti’s is prime to p.
- The assumption on the degree implies that the hypothesis 1.2 is sat-
isfied. The hypothesis 2 is also satisfied by [Wei, Thm. 4.3] and [Lia,
Ex. 3.1].
We have to remark that for the case (F3), one may also apply [Har07, Thm.
3] combined with the main result of [Lia13] to obtain the exactness of (E) for X .
For the case (F1), the result can also be deduced by [Lia13]. For (F2), (F4) and
(F5), firstly one lacks unconditional results on the arithmetic for rational points on
closed fibres, secondly there may not be rational points on the generic fibre even if
it possesses a 0-cycle of degree 1. Theorems 2.4 and 2.5 are hence crucial to obtain
the exactness of (E). Very recently, Harpaz and Wittenberg prove the exactness
of (E) for the total space of a fibration X → B without any restriction on the
degenerate fibres, [HW]. In their paper, the base B can be a smooth projective
curve C with finite Tate–Shafarevich group X(Jac(C)), or Pn, or C×Pn. It is not
clear if the examples above can be covered by their result.
3. Proofs of the theorems
3.1. Preliminaries for the proofs. For the convenience of the reader, we list
some well-known statements in this subsection, they will be used in the proofs of
the main results.
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Lemma 3.1 (Moving lemma for 0-cycles). Let X be a smooth connected variety
defined over an infinite perfect field k. Let X0 be a nonempty open subvariety of X.
Then every 0-cycle z of X is rationally equivalent to a 0-cycle z′ supported in X0.
Proof. This is well-known, for an elementary proof see for example [CT05, Com-
ple´ment §3]. 
Definition 3.2. A 0-cycle z written as z =
∑
nPP with distinct closed points P
is said to be separable if all nonzero multiplicities nP are either 1 or −1.
Effective separable 0-cycles on A1k correspond bijectively to separable polynomi-
als over k (up to scalar). Let f : X → Y be a proper morphism between algebraic
varieties and let z be an effective 0-cycle on X , then f∗(z) is a separable 0-cycle on
Y implies that z is separable.
Definition 3.3. Let d be a positive integer and X be a quasi-projective variety
defined over a topological field k. Let SymdX be the d-th symmetric product of
X . Effective 0-cycles z and z′ of degree d on X correspond to rational points
[z], [z′] ∈ Symd(X)(k). One says that z is sufficiently close to z′ if [z] is sufficiently
close to [z′] with respect to the topology on Symd(X)(k) induced by k.
For a fixed integer n > 0, if k is R, C or any finite extension of Qp, the map
Symd(X)(k) → CH0(X)/n associating an effective 0-cycle to its class is locally
constant, cf. [Wit12, Lem. 1.8]. In other words z and z′ have the same image in
CH0(X)/n if z is sufficiently close to z
′.
When X = P1 and k is R, C or a finite extension of Qp, the situation can be
written explicitly as follows. Let z′ =
∑
P ′ (with P ′ distinct closed points) be an
effective separable 0-cycle and let z be an effective 0-cycle. They are contained in
a certain open subset isomorphic to A1 and they are defined respectively by monic
polynomials f ′ and f ∈ k[T ]. We fix an algebraic closure k¯ and an embedding
k(P ′) →֒ k¯ for each P ′, we can view P ′ as a k(P ′)-rational point of P1. The 0-cycle
z is sufficiently close to z′ if and only if f is sufficiently close to f ′ with respect
to the product topology on k[T ] induced by k. If it is the case, the 0-cycle z is
also separable, therefore z can be written as a sum
∑
P of distinct closed points
of A1. It is clear if k is archimedean, and it follows from Krasner’s lemma if k
is non-archimedean, that each P appearing in the support of z corresponds to a
unique P ′ appearing in the support of z′ such that they have the same residual field
k(P ) = k(P ′) and such that P is sufficiently close to P ′ as a k(P ′)-rational point.
This will allow us to apply the implicit function theorem to fibrations over P1. This
will also allow us to apply the continuity of the evaluation of a certain fixed Brauer
element at rational points to obtain equalities on its evaluations at sufficiently close
effective separable 0-cycles.
Lemma 3.4 (Relative moving lemma). Let π : X → P1 be a dominant morphism
between algebraic varieties defined over R, C or any finite extension of Qp. Suppose
that X is smooth.
Then for any effective 0-cycle z′ on X, there exists an effective 0-cycle z on X
such that π∗(z) is separable and such that z is sufficiently close to z
′.
Proof. Essentially, the statement follows from the implicit function theorem. We
find detailed arguments in [CTSSD98, p.19] and [CTSD94, p.89]. 
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Lemma 3.5 (Hilbert’s irreducibility theorem for 0-cycles). Let S be a nonempty
finite subset of places of a number field k. Let Hil ⊂ A1 = P1 \ ∞ be a generalized
Hilbertian subset of P1k. For each v ∈ S, let zv be a separable effective 0-cycle of
degree d > 0 with support contained in A1.
Then there exists a closed point λ of P1 such that
- λ ∈ Hil;
- as a 0-cycle λ is sufficiently close to zv for any v ∈ S.
Proof. It is a particular case of [Lia12, Lem. 3.4]. 
Lemma 3.6. Let X be a variety defined over a field k of characteristic 0. Denote
by X the base change X ×Spec(k) Spec(k¯). Suppose that H
0(X,Gm) = k¯
∗ and that
H3(k,Gm)→ H
3(X,Gm) is injective. Then there exists an exact sequence
0→ H1(k,PicX)→ BrX/Brk → (BrX)Galk¯|k → H2(k,PicX)
Proof. This is well-known, see for example [CTS13, Prop. 1.3] and [Har97, Prop.
2.2.1]. For the convenience of the reader, we give a proof with details as follows.
We refer to [Mil80, Appendix B] for the notation.
Consider the Leray spectral sequence
Ep,q2 = H
p(k,Hq(X,Gm))⇒ E
p+q = Hp+q(X,Gm).
We obtain the exact sequence
Brk → Ker[BrX → BrX]→ H1(k,PicX)→ H3(k,Gm),
which extends to a complex · · · → H1(k,PicX) → H3(k,Gm) → H
3(X,Gm). Even
though it is not exact at H3(k,Gm), the injectivity assumption implies the exactness
of
Brk → Ker[BrX → BrX]→ H1(k,PicX)→ 0,
whence the exactness of
0→ H1(k,PicX)→ BrX/Brk → BrX.
Consider the filtration of E2,
E2 = BrX ։ E0,2∞ = E
0,2
4 ⊂ E
0,2
3 ⊂ E
0,2
2 = (BrX)
Galk¯|k ,
where by definition E0,23 = Ker
[
d0,22 : E
0,2
2 = (BrX)
Galk¯|k → E2,12 = H
2(k,PicX)
]
,
it remains to show that E0,24 , the image of BrX in (BrX)
Galk¯|k , equals to E0,23 .
This is equivalent to the fact that d0,23 : E
0,2
3 → E
3,0
3 is the zero map, or even
E3,03 ։ E
3,0
4 is an isomorphism. Consider the flitration of E
3, the composition
E3,02 = H
3(k,Gm)։ E
3,0
3 ։ E
3,0
4 = E
3,0
∞ →֒ E
3 = H3(X,Gm)
is injective by assumption, which implies the desired equality E0,24 = E
0,2
3 . 
Lemma 3.7 (Harari [Har07, Lem. 1]). Let B be a smooth geometrically integral
variety defined over a number field k such that B(kv) 6= ∅ for all places v ∈ Ωk.
Suppose that for k-rational points B verifies weak approximation outside a certain
finite set T of places. Let H be a (classical) Hilbertian subset of B(k). Let S ⊂ Ωk
be a finite subset of places and {Pv}v∈S be a family of local points of B such that:
for every finite subset S′ ⊂ Ωk \ (S ∪ T ) and arbitrary family {P ′v}v∈S′ of local
rational points, the union {Qv}v∈S⊔S′ of {Pv}v∈S and {P ′v}v∈S′ is in the closure
of the diagonal image of B(k).
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Then there exists a rational point of B contained in H arbitrarily close to Pv for
all v ∈ S.
Suppose that the Brauer–Manin obstruction is the only obstruction to weak ap-
proximation for rational points on B and that BrB/Brk is finite. Take a finite
subset T ⊂ Ωk large enough such that there exists a certain set of representatives
of BrB/Brk whose elements have good reduction outside T . If {Pv}v∈Ωk is orthog-
onal to BrB, then for arbitrary finite subset S ⊂ Ωk the family {Pv}v∈S satisfies
automatically the assumption of the lemma.
Lemma 3.8 (Harari’s formal lemma [Har94, Cor. 2.6.1] [CTSSD98, Lem. 4.5]).
Let X be a smooth proper geometrically integral variety defined over a number filed
k. Let X0 be a nonempty open subvariety of X and Λ ⊂ BrX0 ⊂ Brk(X) be a finite
set of elements of the Brauer group. We note by B the intersection in Brk(X) of
BrX and the subgroup generated by Λ.
Let δ be an integer. Suppose that for every v ∈ Ωk, there exists a 0-cycle zv on
Xkv of degree δ supported in X0v such that the family {zv}v∈Ωk is orthogonal to B.
Then for every finite subset S ⊂ Ωk, there exist a finite subset S′ of places of k
containing S and for each v ∈ S′ \ S a 0-cycle z′v on X of degree δ and supported
in X0v such that ∑
v∈S
invv(〈zv, b〉v) +
∑
v∈S′\S
invv(〈z
′
v, b〉v) = 0
for all b ∈ Λ.
3.2. Proofs of the main theorems. In order to prove Theorem 2.5 we need
to establish some lemmas on generalised Hilbertian subsets to compare Brauer
groups. If k is a number field, one can deduce from Hilbert’s irreducibility theorem
that generalized Hilbertian subsets of geometrically integral varieties are always
nonempty. Let Hil1 and Hil2 be generalized Hilbertian subsets of an integral variety,
then there exists a generalized Hilbertian subset Hil contained in Hil1 ∩ Hil2.
Lemma 3.9. Let B be a geometrically integral variety defined over k. Let HilB be
a generalized Hilbertian subset of B. Consider the projections prB : B × P1 → B
and prP1 : B × P
1 → P1. Then there exists a generalized Hilbertian subset HilP1 of
P1 satisfying the following property.
• For each λ ∈ HilP1 , the k(λ)-variety pr
−1
P1
(λ) = B × λ ≃ Bk(λ) contains
a generalized Hilbertian subset Hilλ such that the image prB(Hilλ) ⊂ B is
contained in HilB.
Proof. The generalized Hilbertian subset HilB is defined by a finite e´tale morphism
ρ : Z → U ⊂ B, where U is a non-empty open subset of B and Z is an integral k-
variety. The function field k(Z) is a finitely generated field extension of k, let k′ be
the algebraic closure of k in k(Z). The finite e´tale morphism P1×Spec(k)Spec(k
′)→
P1 defines a generalized Hilbertian subset HilP1 of P
1.
For each λ ∈ HilP1 , the extension k(λ)/k is linearly disjoint from k
′/k, hence the
base change Zk(λ) is still an integral variety over k(λ). Let Hilλ be the generalized
Hilbertian subset defined by ρk(λ) : Zk(λ) → Uk(λ) ⊂ Bk(λ). For each θ ∈ Hilλ, the
(connected) fibre ρ−1k(λ)(θ) is a closed point of Zk(λ). We can show by contradiction
that the fibre of ρ at the closed point prB(θ) of B has also to be connected, which
signifies that prB(θ) ∈ HilB and we have prB(Hilλ) ⊂ HilB. 
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Lemma 3.10 (Comparison of Brauer groups). Let f : X → B be a dominant
morphism between proper smooth geometrically integral varieties defined over k.
Assume that the generic fibre Xη possesses a 0-cycle of degree 1. Suppose for the
geometric generic fibre Xη¯, that the Ne´ron–Severi group NSXη¯ is torsion-free, and
H1(Xη¯,OXη¯ ) = 0, H
2(Xη¯,OXη¯ ) = 0.
Then there exists a generalized Hilbertian subset HilP1 of P
1 satisfying the follow-
ing property.
• For each λ ∈ HilP1 , the k(λ)-variety pr
−1
P1
(λ) = B × λ ≃ Bk(λ) contains a
generalized Hilbertian subset Hilλ such that for each k(λ)-rational point θ
contained in Hilλ all homomorphisms in the following commutative diagram
are isomorphisms
BrXη
Brk(B)
SpX→B,prB(θ)
//

BrXprB(θ)
Brk(prB(θ))

Br(X×λ)ηλ
Brk(λ)(B×λ) ≃
Br(Xk(λ))ηλ
Brk(λ)(Bk(λ))
SpX×λ→B×λ,θ
//
Br(X×λ)θ
Brk(θ)
≃
BrXprB(θ)⊗k(θ)
Brk(θ)
,
where ηλ is the generic point of B × λ and where the horizontal homo-
morphisms are specializations and the vertical homomorphisms are base
changes.
Proof. By applying [Lia13, Prop. 3.1.1], which holds for any base field of charac-
teristic 0, to the generic fibre Xη, we can choose a finite extension K
′ of k(B) such
that the left vertical homomorphism is an isomorphism once k(λ)(B) is linearly
disjoint from K ′ over k(B). The field K ′ is a finitely generated extension of k, let
k′ be the algebraic closure of k in K ′. Any finite extension l of k linearly disjoint
from k′/k is then linearly disjoint from K ′/k, and therefore l(B) is linearly disjoint
from K ′ over k(B). The finite e´tale morphism P1 ×Spec(k) Spec(k
′)→ P1 defines a
generalized Hilbertian subset Hil1 of P
1 such that for each λ ∈ Hil1 the left vertical
homomorphism is an isomorphism.
It suffices to make sure that the two horizontal specializations are isomorphisms
for θ and λ in certain suitable generalized Hilbertian subsets that are going to be
chosen. First we show this for SpX→B,prB(θ), and for the lower horizontal homomor-
phism it is exactly the same argument applied for X × λ instead of X . To simplify
notation, we replace prB(θ) ∈ B by θ ∈ B in (and only in) the next paragraph.
By the restriction-corestriction argument, the existence of a 0-cycle of degree
1 on the generic fibre Xη ensures that H
3(k(B),Gm) → H
3(Xη,Gm) is injective.
Then from the Leray spectral sequence
Ep,q2 = H
p(k(B),Hq(Xη¯,Gm))⇒ H
p+q(Xη,Gm)
one deduces an exact sequence by Lemma 3.6,
0→ H1(k(B),PicXη¯)→ BrXη/Brk(B)→ (BrXη¯)
Gal
k(B)|k(B) → H2(k(B),PicXη¯).
Take a finite Galois extension L of k(B) such that the generic fibreXη possesses a L-
rational point, such that the absolute Galois group GalL|L acts trivially on PicXη¯
and BrXη¯ (both are finitely generated under the hypotheses on Xη¯), and such
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that the image of (BrXη¯)
Gal
k(B)|k(B) in H2(k(B),PicXη¯) lies inside the subgroup
H2(L|k(B),PicXη¯). Then the exact sequence becomes an exact sequence of finite
abelian groups
0→ H1(L|k(B),PicXη¯)→ BrXη/Brk(B)→ (BrXη¯)
GalL|k(B) → H2(L|k(B),PicXη¯).
We denote Xθ ×Spec(k(θ)) Spec(k(θ)) by Xθ¯. By taking an integral model over a
certain sufficiently small non-empty open subset U of B, one can specialise each
term of the above sequence at each point θ ∈ U and one obtains a commutative
diagram
0 // H1(L|k(B),PicXη¯) //

BrXη/Brk(B) //
SpX→B,θ

(BrXη¯)
GalL|k(B) //

H2(L|k(B),PicXη¯)

0 // H1(l|k(θ),PicXθ¯) // BrXθ/Brk(θ) // (BrXθ¯)
Gall|k(θ) // H2(l|k(θ),PicXθ¯)
,
where all the vertical maps are specializations at θ. Moreover, if θ belongs to the
generalized Hilbertian subset HilB defined by the finite morphism whose generic
fibre corresponds to the finite extension L/k(B), then the specialization Spec(l) =
Spec(L) ×U θ of Spec(L) at θ is connected. This signifies that l is a field and
GalL|k(B) ≃ Gall|k(θ). Replacing by smaller U if necessary, the specialization maps
PicXη¯ → PicXθ¯ and BrXη¯ → BrXθ¯ are both isomorphisms, cf. [Har94, Prop.
3.4.2] and [Har97, Prop. 2.1.1]. The same argument as for the generic fibre shows
that the second line of the diagram is also exact. The isomorphism between Galois
groups implies that all the three unnamed vertical maps in the above diagram are
isomorphisms. By diagram chasing we prove that SpX→B,θ is also an isomorphism.
In the previous paragraph we have proved that the specialization SpX→B,prB(θ)
is an isomorphism as long as prB(θ) is contained in HilB. By Lemma 3.9, there
exist a generalized Hilbertian subset Hil2 of P
1 and Hilλ ⊂ B × λ such that for all
λ ∈ Hil2 we have prB(Hilλ) ⊂ HilB, hence for such a λ and θ ∈ Hilλ the specializa-
tion SpX→B,prB(θ) is an isomorphism. Moreover, by the same argument as in the
previous paragraph applied to the k(λ)-variety B×λ, by shrinking Hilλ if necessary,
we may also ensure that SpX×λ→B×λ,θ is an isomorphism when θ ∈ Hilλ.
Now we take a generalized Hilbertian subset HilP1 ⊂ Hil1 ∩ Hil2 of P
1, it verifies
the desired property. 
We are now ready to give the proof of Theorem 2.5. In [Lia13], to obtain results
on X the author passed from X to X×P1, here we extend this idea to a morphism
X → B.
Proof of Theorem 2.5. We will prove the exactness of (E), the assertion in the theo-
rem for weak approximation is simultaneously proved. In fact, under the hypothesis
4, the exactness will be reduced to the forthcoming statement (P ′S) forX
′ = X×P1.
As CH0(X
′
kv
) → CH0(X ′kv )/n factors through CH0(X
′
kv
)/2n, the statement (P ′S)
implies the assertion on weak approximation for 0-cycles on X ′, and hence for X .
For the assertion on the Hasse principle, one needs only take care of the existence
on 0-cycles. In the forthcoming arguments proving (P ′S), if one ignores the part
concerning images of 0-cycles in CH0(X
′
kv
)/2n, then one will get a proof for the
assertion on the Hasse principle. For this purpose, one needs the hypothesis 2 on
the Hasse principle (instead of on weak approximation) for 0-cycles on fibres.
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Since BrX → BrX×P1 is an isomorphism, it suffices to prove the exactness of (E)
for X ′ = X ×P1. As deg : CH0(X ⊗ k(X))→ Z is injective, there exists a non-zero
integer N such that for all extensions F of k the kernel Ker [deg : CH0(XF )→ Z]
and the cokernel Coker [deg : CH0(XF )→ Z] are annihilated by N . In fact, for
the cokernel, the argument is standard using the projection formula; and for the
kernel see the proof of [CT05, Prop. 11]. Note that PicXk¯ is torsion-free, we obtain
H1(Xk¯,Q/Z) = 0, hence H
1(X ′η¯ ⊗ k(X
′),Q/Z) = H1(X
k(X′)
,Q/Z) = 0 by the
proper base theorem [Mil80, Cor. VI.2.6]. According to [Wit12, Thm. 2.1], we
find that deg : CH0(Xkv )→ Z, which is identified with CH0(X
′
kv
)→ CH0(P
1
kv
), is
injective for almost all places v of k.
Consider the composition prP1 ◦ F of F = f × id : X
′ = X × P1 → B′ = B × P1
with prP1 : B
′ = B × P1 → P1. In order to prove the exactness of (E) for X ′ we
apply [Wit12, Prop. 3.1] (see also [Lia13, §3.5] for a simplified argument for this
special case: a fibration over P1), it suffices to verify the following property for all
finite subset S ⊂ Ωk of places of k.
(PS) Let {zv}v∈Ωk be a family of 0-cycles of degree δ on X
′. If it is orthogonal
to BrX ′, then for all integer n > 0, there exists a 0-cycle z of X ′ of degree
δ, such that for all v ∈ S we have z = zv in CH0(X
′
kv
)/n if v is non-
archimedean and z = zv + Nk¯v/kv (uv) in CH0(X
′
kv
) for a certain uv ∈
CH0(X
′
k¯v
) if v is real.
The property (PS) is implied by the following property, since for a real place
CH0(X
′
kv
)→ CH0(X ′kv )/Nk¯v |kvCH0(X
′
k¯v
) factors through CH0(X
′
kv
)/2n.
(P ′S) Let {zv}v∈Ωk be a family of 0-cycles of degree δ on X
′. If it is orthogonal
to BrX ′, then for all integer n > 0, there exists a 0-cycle z of X ′ of degree
δ, such that for all v ∈ S we have z = zv in CH0(X ′kv )/2n.
We are going to prove (P ′S) for arbitrary degree δ.
Note that B is geometrically integral, by enlarging S if necessary, according to
Lang–Weil estimation and Hensel’s lemma, we may assume that B has kv-rational
points for all v ∈ Ωk \ S. Under the geometric hypothesis on B the group BrBk¯ is
finite and PicBk¯ is torsion-free, we deduce the finiteness of BrB/Brk via the Leray
spectral sequence. We fix a finite set of representatives ΓB ⊂ BrB ≃ BrB′. By
the argument of good reduction, we may also assume that the finite set S is large
enough such that local evaluations of elements bB ∈ ΓB are all 0 for v /∈ S.
Similarly, the quotient BrXη/Brk(B) is finite, we choose a finite set ΓX ⊂
BrXη ⊂ Brk(X) of representatives. By hypothesis, let z0 be a 0-cycle of de-
gree 1 on Xη. We write z0 =
∑
j njRj(η) where Rj(η) is a closed point of Xη
of residual field Kj. Denote by dj the degree [Kj : k(B)]. There exist a nonempty
open subset U of B and an e´tale morphism Zj → U of degree dj for each j,
where Zj is an integral closed subvariety of X ×B U of function field Kj. We
pose b0X =
∑
j njcoresKj|k(B)(bX(Rj(η))) ∈ Brk(B). Replacing bX by bX − b
0
X if
necessary, we may assume that
(⋆)
∑
j
njcoresKj |k(B)(bX(Rj(η))) = 0 ∈ Brk(B).
Let X0 be a nonempty open subset of X such that ΓX ⊂ BrX0 ⊂ Brk(X). By
shrinking U and X0 if necessary, we may assume that f(X0) = U .
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By augmenting L if necessary, according to [Lia13, Prop. 3.1.1] we may assume
that for anyK ∈ KL the base extension BrB/Brk → BrBK/BrK is an isomorphism.
The finite e´tale morphism P1L → P
1 defines a generalized Hilbertian subset Hil0 of
P1. As long as λ ∈ Hil0, the homomorphism BrB/Brk → BrB × λ/Brk(λ) is an
isomorphism and Hilk(λ) ⊂ Bk(λ) is defined as in the hypothesis.
We begin with a family {zv}v∈Ωk of 0-cycles of degree δ orthogonal to BrX
′. We
fix an (even) integer n, and we are looking for a global 0-cycle z of degree δ having
the same image in CH0(X
′
kv
)/n for v ∈ S. After Lemma 3.1, we may suppose that
the 0-cycles zv are all supported in X0 × P1. Firstly, we have for any bB ∈ ΓB∑
v∈Ωk
invv(〈zv, F
∗(bB)〉v) = 0,
then ∑
v∈S
invv(〈zv, F
∗(bB)〉v) = 0.
According to Harari’s formal lemma (Lemma 3.8), by augmenting S (which will
never change the above equality because by the choice of S the evaluations at
newly added places are always 0) we have
∑
v∈S
invv(〈zv, bX〉v) = 0
for all bX ∈ ΓX .
Let m be a positive integer which annihilates all elements in ΓB and ΓX . Fix a
closed point P of X ′, denote by δP = [k(P ) : k] the degree of P .
For each v ∈ S, we write zv = z+v − z
−
v where z
+
v and z
−
v are effective 0-cycles
with disjoint supports. We pose z1v = zv +mnδP z
−
v = z
+
v + (mnδP − 1)z
−
v , then
deg(z1v) ≡ δ mod mnδP and they are all effective 0-cycles. We add to each z
1
v a
suitable multiple of de 0-cycle mnPv where Pv = P ×Spec(k) Spec(kv) and we obtain
z2v of the same degree ∆ ≡ δ mod mnδP for all v ∈ S. According to the choice of
m, we have 〈z2v, F
∗(b)〉v = 〈zv, F ∗(b)〉v for any v ∈ S and b ∈ ΓB. We apply Lemma
3.4 to prP1 ◦ F : X
′ → P1 and obtain an effective 0-cycle z3v sufficiently close to
z2v such that (prP1 ◦ F )∗(z
3
v) is separable. A fortiori, F∗(z
3
v) are also separable. By
the continuity of the local evaluation, we have 〈z3v , F
∗(b)〉v = 〈zv, F ∗(b)〉v. We also
check that zv, z
1
v, z
2
v and z
3
v have the same image in CH0(X
′
kv
)/n.
We choose a rational point∞ ∈ P1(k) outside the supports of (prP1 ◦F )∗(z
3
v) for
all v ∈ S. We choose generalized Hilbertian subsets HilP1 ⊂ P
1 and Hilλ ⊂ Bk(λ)
for λ ∈ HilP1 such that the property in Lemma 3.10 is satisfied. Without lost of
generality we may assume that HilP1 ⊂ Hil0 ∩ (P
1 \∞) and Hilλ ⊂ Hilk(λ) ∩Uk(λ) if
λ ∈ HilP1 .
By Hilbert’s irreducibility for 0-cycles (Lemma 3.5) applied to prP1◦F : X
′ → P1,
we find a closed point λ ∈ HilP1 such that λ is sufficiently close to (prP1 ◦ F )∗(z
3
v).
More precisely, we write λv = λ×P1 P
1
kv
=
⊔
w|v,w∈Ωk(λ)
Spec(k(λ)w) for v ∈ Ωk, the
image of λ in Z0(P
1
kv
) is written as λv =
∑
w|v,w∈Ωk(λ)
Pw where Pw = Spec(k(λ)w)
is a closed point of P1kv of residual field k(λ)w . For each v ∈ S, the 0-cycle λv is
sufficiently close to (prP1 ◦ F )∗(z
3
v), where the effective separable 0-cycle (prP1 ◦
F )∗(z
3
v) is written as
∑
w|v,w∈Ωk(λ)
Qw with distinct Qw’s. Then k(λ)w = kv(Pw) =
kv(Qw), and Pw is sufficiently close to Qw ∈ P1kv (k(λ)w). And we know that z
3
v
is written as
∑
w|v,w∈Ωk(λ)
M0w with kv(M
0
w) = k(λ)w and M
0
w ∈ X
′
kv
(k(λ)w) is
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situated on the fiber of prP1◦F at the closed pointQw. The implicit function theorem
implies that there exists a smooth k(λ)w-point Mw on the fiber (prP1 ◦ F )
−1(λ)
sufficiently close to M0w for every w ∈ S ⊗k k(λ). Then the closed point Mw and
M0w have the same image in CH0(Xkv )/n.
As in the proof of Theorem 2.4, by the continuity of the local evaluation, for any
bB ∈ ΓB we obtain on B′ the equality∑
w∈S⊗kk(λ)
invw(〈F (Mw), bB〉k(λ)w ) = 0.
And similarly, on X ′, for bX ∈ ΓX∑
w∈S⊗kk(λ)
invw(〈Mw, bX〉k(λ)w ) = 0.
On the k(λ)-variety pr−1
P1
(λ) = B × λ ≃ Bk(λ), we fix a k(λ)w-rational point
Nw for each w ∈ Ωk(λ) \ S ⊗k k(λ), this is possible by the choice of S. We set
Nw = F (Mw) for w ∈ S ⊗k k(λ). Then we have the equality for all bB ∈ ΓB∑
w∈Ωk(λ)
invw(〈Nw, bB〉k(λ)w ) = 0.
By abuse of notation, here bB denotes also its image under the restriction BrB
′ →
BrB × λ. Then by functoriality, the above equality is viewed as the Brauer–Manin
pairing on B × λ. Recall that λ ∈ HilP1 ⊂ Hil0, the base extension BrB/Brk →
BrB × λ/Brk(λ) is an isomorphism. Therefore {Nw}w∈Ωk(λ) is orthogonal to the
Brauer group of B × λ.
By hypothesis, weak approximation gives us a k(λ)-rational point θ on B × λ
sufficiently close to Nw = F (Mw) for all w ∈ S ⊗k k(λ), we can also require
that the fibre F−1(θ) is smooth. Moreover, by Lemma 3.7 we can choose such a
rational point θ contained in the (classic) Hilbertian subset Hilλ ∩ (B × λ)(k(λ)).
By implicit function theorem F−1(θ) has k(λ)-points Mθw sufficiently close to Mw
for w ∈ S ⊗k k(λ). By the continuity of the Brauer–Manin pairing, we have∑
w∈S⊗kk(θ)
invw(〈M
θ
w, bX〉k(θ)w) = 0
for all bX ∈ ΓX . We consider the specialization Rj(θ) = (Zj)k(λ)×Uk(λ) θ = Zj×U θ
of Rj(η) at the k(λ)-rational point θ of B×λ ≃ Bk(λ). Then
∑
j njRj(θ) is a global
0-cycle of degree 1 on the fibre F−1(θ) = (B × λ)θ . The equality (⋆) implies that∑
j
njcoresk(Rj(θ))|k(θ)(bX(Rj(θ))) = 0 ∈ Brk(θ).
For w ∈ Ωk(λ) \ S ⊗k k(λ), we set M
θ
w to be the local 0-cycle of degree 1∑
j
njRj(θ)×Spec(k(θ)) Spec(k(θ)w)
then invw(〈Mθw, bX〉k(θ)w ) = 0, and finally we obtain∑
w∈Ωk(θ)
invw(〈M
θ
w, bX〉k(θ)w ) = 0.
By functoriality of the Brauer–Manin pairing, it can be viewed as an equality on
the k(θ)-variety F−1(θ). Since θ ∈ Hilλ, by comparison of Brauer groups (Lemma
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3.10) ΓX maps surjectively onto BrF
−1(θ)/Brk(θ), and by hypothesis there exists
a global 0-cycle z′ of degree 1 on the k(θ)-variety F−1(θ) having the same image
as Mθw in CH0(F
−1(θ)w)/n for all w ∈ S ⊗k k(θ). Viewed as a 0-cycle of X ′, the
0-cycle z′ is of degree ∆ ≡ δ mod mnδP , by subtracting a suitable multiple of P ,
we obtain a 0-cycle z of degree δ. We verify that z and zv have the same image in
CH0(X
′
kv
)/n for all v ∈ S which terminates the proof. 
Sketch of the proof of Theorem 2.4. By Remark 2.12, we can replace the hypothesis
1 by 1′. The proof is then very similar to the proof of Theorem 2.5. In Theorem 2.5,
we suppose the hypothesis 1.2: the generic fibre Xη possesses a 0-cycle of degree
1, which is used in two purposes. Firstly, as in Remark 2.12, this condition implies
hypothesis 1′, which ensures the existence of local 0-cycles of degree 1 for almost all
places on a selected closed fibre. Secondly, this condition also allows us to compare
the Brauer group of the selected closed fibre with the Brauer group of the generic
fibre. The hypothesis 1.1 also serves for this second purpose. But in Theorem 2.4,
closed fibres are supposed to satisfy weak approximation, we do not need any more
such a comparison of Brauer groups. Hence the same proof (with such a comparison
ignored) fits for Theorem 2.4. Moreover, since we do not need the orthogonality
of local 0-cycles to elements of the Brauer group of the generic fibre, we can even
simplify the proof without the application of Harari’s formal lemma 3.8. 
References
[Bor96] M. Borovoi. The Brauer-Manin obstructions for homogeneous spaces with
connected or abelian stabilizer. J. reine angew. Math., 473:181–194, 1996.
[CT95] J.-L. Colliot-The´le`ne. L’arithme´tique du groupe de Chow des ze´ro-cycles. J.
The´orie de nombres de Bordeaux, 7:51–73, 1995.
[CT99] J.-L. Colliot-The´le`ne. Conjectures de type local-global sur l’image de
l’application cycle en cohomologie e´tale. In W. Raskind and C. Weibel, edi-
tors, Algebraic K-Theory, volume 67 of Proc. Symp. Pure Math., pages 1–12.
Amer. Math. Soc., 1999.
[CT00] J.-L. Colliot-The´le`ne. Principe local-global pour les ze´ro-cycles sur les surfaces
re´gle´es (avec un appendice par E. Frossard et V. Suresh). J. Amer. Math.
Soc., 13:101–124, 2000.
[CT05] J.-L. Colliot-The´le`ne. Un the´ore`me de finitude pour le groupe de Chow des
ze´ro-cycles d’un groupe alge´brique line´aire sur un corps p-adique. Invent.
math., 159:589–606, 2005.
[CT08] J.-L. Colliot-The´le`ne. Fibres spe´ciales des hypersurfaces de petit degre´. C.
R. Math. Acad. Sci. Paris, 346(1+2):63–65, 2008.
[CTS13] J.-L. Colliot-The´le`ne and A.N. Skorobogatov. Descente galoisienne sur le
groupe de Brauer. J. reine angew. Math., 2013(682):141–165, 2013.
[CTSD94] J.-L. Colliot-The´le`ne and Sir Peter Swinnerton-Dyer. Hasse principle and
weak approximation for pencils of Severi-Brauer and similar varieties. J.
reine angew. Math., 453:49–112, 1994.
[CTSSD87] J.-L. Colliot-The´le`ne, J.-J. Sansuc, and Sir Peter Swinnerton-Dyer. Inter-
sections of two quadrics and Chatelet surfaces II. J. reine angew. Math.,
374:72–168, 1987.
[CTSSD98] J.-L. Colliot-The´le`ne, A.N. Skorobogatov, and Sir Peter Swinnerton-Dyer.
Rational points and zero-cycles on fibred varieties : Schinzel’s hypothesis and
Salberger’s device. J. reine angew. Math., 495:1–28, 1998.
[Den] J. Denef. Proof of a conjecture of Colliot-The´le`ne. Preprint available at arXiv:
1108.6250.
19
[DSW] U. Derenthal, A. Smeets, and D. Wei. Universal torsors and values
of quadratic polynomials represented by norms. Preprint, available at
arXiv:1202.3567.
[Fro03] E. Frossard. Obstruction de Brauer-Manin pour les ze´ro-cycles sur des fibra-
tions en varie´te´s de Severi-Brauer. J. reine angew. Math., 557:81–101, 2003.
[GHS03] T. Graber, J. Harris, and J. Starr. Families of rationally connected varieties.
J. Amer. Math. Soc., 16:57–67, 2003.
[Har94] D. Harari. Me´thode des fibrations et obstruction de Manin. Duke Math. J.,
75:221–260, 1994.
[Har97] D. Harari. Fle`ches de spe´cialisations en cohomologie e´tale et applications
arithme´tiques. Bull. Soc. Math. France, 125:143–166, 1997.
[Har07] D. Harari. Quelques proprie´te´s d’approximation relie´es a` la cohomologie ga-
loisienne d’un groupe alge´brique fini. Bull. Soc. Math. France, 135(4):549–564,
2007.
[HW] Y. Harpaz and O. Wittenberg. On the fibration method for zero-cycles and
rational points. Preprint available at arXiv:1409.0993.
[Lia] Y. Liang. The local-global exact sequence for Chow groups of zero-cycles.
Preprint available at arXiv:1206.1486.
[Lia12] Y. Liang. Principe local-global pour les ze´ro-cycles sur certaines fibrations
au-dessus d’une courbe: I. Mathematische Annalen, 353(4):1377–1398, 2012.
[Lia13] Y. Liang. Arithmetic of 0-cycles on varieties defined over number fields. An-
nales Scientifiques de l’E´cole Normale Supe´rieure, 46(1):35–56, 2013.
[Man71] Yu.I. Manin. Le groupe de Brauer-Grothendieck en ge´ome´trie diophantienne.
In Actes du Congre`s Intern. Math. (Nice 1970), volume 1, pages 401–411.
Gauthiers-Villars, 1971.
[Mil80] J.S. Milne. E´tale Cohomology. Princeton University Press, 1980.
[Pey] E. Peyre. Obstructions au principe de Hasse et a` l’approximation faible.
Se´minaire Bourbaki Vol. 2003/2004.
[Sai89] S. Saito. Some observations on motivic cohomology of arithmetic schemes.
Invent. math., 98:371–404, 1989.
[Sal88] P. Salberger. Zero-cycles on rational surfaces over number fields. Invent.
math., 91:505–524, 1988.
[San82] J.-J. Sansuc. A propos d’une conjecture arithme´tique sur le groupe de Chow
d’une surface rationnelle (avec un paragraphe par J.-L. Colliot-The´le`ne).
Se´minaire de the´orie des nombres de Bordeaux, (33-01-33-38), 1981-82.
[San81] J.-J. Sansuc. Groupe de Brauer et arithme´tique des groupes alge´briques
line´aires sur un corps de nombres. J. reine angew. Math., 327:12–80, 1981.
[Sko90] A.N. Skorobogatov. On the fibration method for proving the Hasse principle
and weak approximation. In C. Goldstein, editor, Se´minaire de the´orie des
nombres de Paris 1988-1989, volume 91 of Progress in Math., pages 205–219.
Birkha¨user, 1990.
[Sko96] A.N. Skorobogatov. Descent on fibrations over the projective line. Amer. J.
Math., 118:905–923, 1996.
[Sko01] A.N. Skorobogatov. Torsors and Rational Points. Cambridge University
Press, 2001.
[VAV12] A. Va´rilly-Alvarado and B. Viray. Higher dimensional analogues of Chaˆtelet
surfaces. Bulletin of the London Mathematical Society., 44(1):125–135, 2012.
A corrigendum is available on websites of the authors.
[Wei] D. Wei. On the equation NK/k(Ξ) = P (t). Preprint, available at
arXiv:1202.4115.
[Wit12] O. Wittenberg. Ze´ro-cycles sur les fibrations au-dessus d’une courbe de genre
quelconque. Duke Math. J., 161:2113–2166, 2012.
20 YONGQI LIANG
Yongqi LIANG
Baˆtiment Sophie Germain,
Universite´ Paris Diderot - Paris 7,
Institut de Mathe´matiques de Jussieu - Paris Rive Gauche,
75013 Paris,
France
E-mail address: liangy@math.jussieu.fr
